Abstract. In this paper we deduce a local deformation lemma for uniform embeddings in a metric covering space over a compact manifold from the deformation lemma for embeddings of a compact subspace in a manifold. This implies the local contractibility of the group of uniform homeomorphisms of such a metric covering space under the uniform topology. Furthermore, combining with similarity transformations, this enables us to induce a global deformation property of groups of uniform homeomorphisms of metric spaces with Euclidean ends. In particular, we show that the identity component of the group of uniform homeomorphisms of the standard Euclidean n-space is contractible.
Introduction
In this paper we study some local and global deformation properties of spaces of uniform embeddings and groups of uniform homeomorphisms of metric covering spaces over compact manifolds and metric spaces with Euclidean ends. In this case we delete the script "u" from the notation. As usual, the symbol A is suppressed when it is an empty set.
In [1] it is shown that H u (M, d) is locally contractible in the case where M is the interior of a compact manifold N and the metric d is a restriction of some metric on N . The next corollary is a direct consequence of Theorem 1.1. Next we study a global deformation property of the group H u (X, d). The most standard example is the n-dimensional Euclidean space R n with the standard Euclidean metric. The relevant feature in this scenario is the existence of similarity transformations. This enables us to deduce a global deformation of uniform embeddings from a local one.
To be more general, we treat metric spaces with bi-Lipschitz Euclidean ends. Recall that a map h : (X, d) → (Y, ρ) between metric spaces is said to be Lipschitz if there exists a constant C > 0 such that ρ(h(x), h(x ′ )) ≤ Cd(x, x ′ ) for any x, x ′ ∈ X. The map h is called a bi-Lipschitz homeomorphism if h is bijective and both h and h −1 are Lipschitz maps. The model of Euclidean end is the complement R n r = R n − O(r) of the round open r-ball O(r) centered at the origin. These complements R n r (r > 0) are bi-Lipschitz homeomorphic to each other under similarity transformations. A bi-Lipschitz ndimensional Euclidean end of a metric space (X, d) means a closed subset L of X which admits a bi-Lipschitz homeomorphism of pairs, θ : (R n 1 , ∂R n 1 ) ≈ ((L, Fr X L), d| L ) and d(X − L, L r ) → ∞ as r → ∞, where Fr X L is the topological frontier of L in X and L r = θ(R n r ) for r ≥ 0. We set L ′ = θ(R n 2 ) and L ′′ = θ(R n 3 ). Using similarity transformations, we can deduce the following result from the local deformation theorem, Theorem 1.1. 
is contractible for every n ≥ 0. In fact, R n has the model Euclidean end R n 1 and hence there exists a strong deformation retraction of
The latter is contractible by Alexander's trick.
(2) The n-dimensional cylinder M = S n−1 × R is the product of the (n − 1)-sphere S n−1 and the
a strong deformation retract. In particular, H u (M ) 0 admits a strong deformation retraction onto
In dimension 2, we have a more explicit conclusion. Suppose N is a compact connected 2-manifold with a nonempty boundary and C = ∪ m i=1 C i is a nonempty union of some boundary circles of N . If the noncompact 2-manifold M = N − C is assigned a metic d such that for each i = 1, · · · , m the end L i of M corresponding to the boundary circle C i is a bi-Lipschitz Euclidean end of (M, d),
Remark 1.1. In Example 1.1 (1), one might expect that conjugation by a suitable shrinking homeomorphism R n ≈ O(1) and extension by the identity on the boundary would directly reduce the problem to the case of H ∂ (B(1)), the group of homeomorphisms of the closed unit ball relative to the boundary, since this group is contractible by Alexander's trick. However, the contraction of H u (R n ) b obtained in this way is not continuous. In fact, it would mean that any h ∈ H u (R n ) b could be approximated by compactly supported homeomorphisms in the sup-metric. But this does not hold, for example, for any translation h(x) = x + a (a = 0).
In [4] we studied the topological type of H u (R) b as an infinite-dimensional manifold and showed that it is homeomorphic to ℓ ∞ . Example 1.1 leads to the following conjecture.
This paper is organized as follows. Section 2 includes some preliminary results on metric covering projections and spaces of uniform embeddings. Section 3 is devoted to the proof of Theorem 1.1 and the final section, Section 4, includes the proof of Theorem 1.2.
Preliminaries

Conventions.
Maps between topological spaces are assumed to be continuous. The word "function" means a correspondence not assumed to be continuous. For a topological space X and a subset A of X, the symbols Int X A, cl X A and Fr X A denote the topological interior, closure and frontier of A in X. The identity map on X is denoted by id X , while the inclusion map A ⊂ X is denoted by i A , ι A or id A , etc. When F is a collection of subsets of X, the union of F is denoted by |F| or F. For A ⊂ X the star of A with respect to F is defined by St(A,
For an n-manifold M , the symbols ∂M and Int M denote the boundary and interior of M as a manifold.
Metric covering projections.
Suppose (X, d) is a metric space. (Below, when the metric d is implicitly understood, we eliminate the symbol d from the notations.) The distance between two subsets A, B of X is defined by
For ε > 0 a subset A of X is said to be ε-discrete if d(x, y) ≥ ε for any distinct points x, y ∈ A. More generally, a collection F of subsets of X is said to be ε-discrete if d(F, F ′ ) ≥ ε for any F, F ′ ∈ F with F = F ′ . We say that A or F is uniformly discrete if it is ε-discrete for some ε > 0.
For the basics on covering spaces, one can refer to [6, Chapter 2, Section 1]. If p : M → N is a covering projection and N is a topological n-manifold possibly with boundary, then so is M and (♮) 2 For each y ∈ Y the fiber π −1 (y) is uniformly discrete in X.
When an open subset U of Y satisfies the condition in (♮) 1 , we say that U is isometrically evenly covered by π. In this case, if U is connected, then each connected component of π −1 (U ) is mapped isometrically onto U by π.
Riemannian covering projections are typical examples of metric covering projections.
is a metric covering projection and Y is compact.
(1) There exists ε > 0 such that each fiber of π is ε-discrete.
Proof.
(1) By (♮) 1 , (♮) 2 for each y ∈ Y we can find (i) ε y > 0 such that π −1 (y) is 3ε y -discrete and
(ii) an open neighborhood U y of y in Y such that diam U y ≤ ε y and U y is isometrically evenly covered by π, that is, π −1 (U y ) is the disjoint union of some open subsets V λ y (λ ∈ Λ y ) of X and each V λ y is mapped isometrically onto U y by π. We show that the family {V λ y } λ∈Λy is ε y -discrete. In particular, for any z ∈ U y the fiber π −1 (z) is ε y -discrete.
To see this claim, take any λ, µ ∈ Λ y with λ = µ. We have to show that d(V λ y , V µ y ) ≥ ε y . Let y λ ∈ V λ y and y µ ∈ V µ y be the points such that π(y λ ) = π(y µ ) = y. Then, for any x λ ∈ V λ y and x µ ∈ V µ y it follows that
Since Y is compact, there exist finitely many points
(2) Take any points x ∈ E and x ′ ∈ X − V . Let y = π(x) and y ′ = π(x ′ ).
(i) the case that x ′ ∈ π −1 (U ) − V ; Let x ′′ ∈ V be the point such that π(x ′′ ) = y ′ . Since
(ii) the case that x ′ ∈ X − π −1 (U ); By (♮) 3 
This implies the assertion. 
The topology on C(X, Y ) induced by this sup-metric ρ is called the uniform topology. Below the space C(X, Y ) and its subspaces are endowed with the sup-metric ρ and the uniform topology, otherwise specified. To emphasize this point, sometimes we use the symbol C(X, Y ) u . On the other hand, when the space C(X, Y ) is endowed with the compact-open topology, we use the symbol C(X, Y ) co . When
It is important to notice that the composition map
is continuous, while the composition map When X ⊂ Y ⊂ Z, for a subset C of Z we use the symbol E(X, Y ; C) to denote the subspace
Similarly, for a subset A of X let H A (X) denote the group of homeomorphisms h of X onto itself with h| A = id A and H u A (X, d) denote the subgroup of H A (X) consisting of uniform homeomorphisms of (X, d) (both with the sup-metric and the uniform topology). We denote by H u A (X, d) 0 the connected component of the identity id X in H u A (X, d) and define the subgroup
The next lemma follows directly from the definitions. Lemma 2.2. For any f ∈ C(X, Y ) the following conditions are equivalent:
Recall that a family f λ ∈ C(X, Y ) (λ ∈ Λ) is said to be equi-continuous if for any ε > 0 there exists
we say that a family of maps {f λ :
For embeddings, we also use the following terminology: a family of embeddings
To see that f is uniformly continuous, take any ε > 0. Choose g ∈ E u (X, Y ) with ρ(f, g) < ε/3. Since g is uniformly continuous, there exists δ > 0 such that if x, y ∈ X and d(x, y) < δ then ρ(g(x), g(y)) < ε/3. It follows that if x, y ∈ X and d(x, y) < δ then
(2) Given f ∈ cl u C. By (1) f is uniformly continuous. Take any ε > 0. Since C ′ is equi-continuous, there exists δ > 0 such that if g ∈ C, x, y ∈ X and d(x, y) ≥ ε then ρ(g(x), g(y)) ≥ 3δ. Choose h ∈ C with ρ(f, h) < δ. It follows that if x, y ∈ X and d(x, y) ≥ ε then
By Lemma 2.2 this means that
Lemma 2.4. Suppose A is a compact subset of X and f ∈ C(X, Y ). Assume that ε, δ > 0 satisfy the
Proof. We proceed by contradiction. Suppose there does not exist such an open neighborhood U .
Then for each n ≥ 1 there exists a pair of points
Proof. Given any point p ∈ P and any ε > 0. Since h p is uniformly continuous, there exists δ > 0
Then for each q ∈ U it follows that
and the homotopy λ :
The homotopy λ induces a pseudo-isotopy
satisfying the following properties :
Hence, the continuity of ϕ follows from Lemma 2.5 applied to the parameter space
and the maps
This completes the proof.
Basic deformation theorem for topological embeddings in topological manifolds.
Next we recall the basic deformation theorem on embeddings of a compact subset in topological manifold. Suppose M is a topological n-manifold possibly with boundary and X is a subspace of M .
An embedding f : X → M is said to be
For any subset C ⊂ M , let E * (X, M ; C) and E # (X, M ; C) denote the subspaces of E(X, M ; C) consisting of proper embeddings and quasi-proper embeddings respectively. Note that E # (X, M ; C) is closed in E(X, M ; C) (while this does not necessarily hold for E * (X, M ; C)) and that for any f ∈ E # (X, M ; C) the restriction of f to Int M X is a proper embedding. These properties are the reasons why we introduce the space of quasi-proper embeddings. In fact, in Section 3 we need to consider the closures of some collections of proper embeddings when we apply the Arzela-Ascoli theorem. 
In fact, the quasi-proper case is derived from the proper case by the following observation. First we apply the proper case to Int M U instead of U itself, so to obtain the deformation ϕ t of proper embeddings of Int M U . If h ∈ E # (U, M ; E) is close to i U , then we obtain the deformation ϕ t (h| Int M U ) of the restriction h| Int M U . Then, the condition (1)(iii) guarantees that it extends by using h itself to a deformation of h.
Deformation lemma for uniform embeddings
In this section, from the deformation theorem for embeddings of compact spaces (Theorem 2.1) we derive Theorem 1.1, a deformation theorem for uniform embeddings in a metric covering space over a compact manifold. When passing to the uniform case from the compact case, the Arzela-Ascoli theorem ([2, Theorem 6.4]) shall play an essential role.
Product covering case.
First we consider the product covering case. Throughout this subsection we work under the following assumption. 
The first lemma establishes a fundamental deformation theorem for uniform embeddings in the simplest case. 
Proof. Since N is compact, by Lemma 2.1 (1) there exists λ > 0 such that each fiber of π is λ-
Let {V i } i∈Λ be the collection of connected components of V and set
By Deformation Theorem 2.1 and Complement to Theorem 2.1 (with replacing (M, U ) by (U, L))
We may assume that
For each i ∈ Λ we obtain the isometry with respect to the sup-metrics
which restricts to the isometries
and the homotopy ψ induces the corresponding homotopy
which satisfies the following conditions
as follows. Take any h ∈ W. Since γ < δ, for any i ∈ Λ we have h(Q i ) ⊂ C δ (Q i ) ⊂ V i and h| Q i ∈ W i . Therefore we can define ϕ t (h) (t ∈ [0, 1]) by
Since ϕ i t (h| Q i ) = h on Q i − P i , the map ϕ t (h) is a well-defined embedding and the required conditions (1), (2) for ϕ follow from the corresponding conditions (3), (4) for ϕ i (i ∈ Λ). For (1)(iv)
. It remains to show that ( * ) 1 ϕ t (h) is a uniform embedding for any h ∈ W and t ∈ [0, 1] and ( * ) 2 ϕ is continuous.
Since h is a uniform embedding, the family h| Q i ∈ W i (i ∈ Λ) is an equi-uniform family of embeddings. Therefore, the families C(h) = {h i } i∈Λ and C ′ (h) = {h
by Lemma 2.3 and the equi-continuity of
is an equi-uniform family of embeddings.
continuous. The equi-continuity of the family (ψ t (h i )) −1 (i ∈ Λ, t ∈ [0, 1]) is shown as follows. Since Im ψ t (f ) = Im f for each (f, t) ∈ U × [0, 1], we have the map
is also equi-continuous as desired.
( * ) 1 Pulling back each map ψ t (h i ) by the isometry θ ′′ i , it follows that ϕ i t (h| Q i ) (i ∈ Λ, t ∈ [0, 1]) is an equi-uniform family of embeddings. The map ϕ t (h) is uniformly continuous, since ϕ t (h)| W −P = h| W −P is uniformly continuous, the family ϕ t (h)| Q i = ϕ i t (h| Q i ) (i ∈ Λ) is equi-continuous and
( * ) 2 To see the continuity of the homotopy ϕ, take any (h, t) ∈ W × [0, 1] and ε > 0. Since cl C(h) is compact, the homotopy
By Lemma 2.4 we can find a neighborhood
In fact, take any (k, s) ∈ W × [0, 1] with d(h, k) < ζ and |t − s| < ζ. Then, for any i ∈ Λ, we have
Hence, by the choice of O and 
We keep the notations given in Notation 3.1. 
Then there exists a neighborhood W of the inclusion map i W in E u # (W, M ; Y ) and a homotopy ϕ :
Proof. For each V 0 ∈ V consider the subset I V 0 of J defined by
For each I ⊂ J let
It follows that
Conversely suppose x ∈ π −1 (E I ) ∩ V I . Then π(x) ∈ E I , thus π(x) ∈ E i for some i ∈ I. Since x ∈ V I , it follows that x ∈ V 0 for some V 0 ∈ V I and
is a connected open subset of N isometrically evenly covered by π.
The assertion (ii) follows from the same argument as (i).
By Lemma 3.1 there exists a neighborhood
Theorem 1.1 is easily deduced from Theorem 3.1, whose proof is based upon a recursive application of Lemma 3.2 to a finite family of local trivializations of the metric covering projection π. Here, the key is to set up the correct data to which Lemma 3.2 is applied. 
Since N is compact, there exists a finite open cover U = {U i } i∈ [m] of N such that for each i ∈ [m] diam U i < γ, U i is connected and St (U i , U ) is isometrically evenly covered by π.
There exists a finite closed covering
By Lemma 2.1 there exists λ > 0 such that each fiber of π is λ-discrete. Choose δ ∈ (0, λ/2) such
For each i ∈ [m] we apply Lemma 3.2 to the following data:
By the choice of γ it is seen that
To compose these homotopies we use the following implications;
We will verify these statements later and continue the construction of the required homotopy ϕ. By (3) and (1)(ii) we have the maps ϕ i 1 :
, by the backward induction the neighborhoods W i (i ∈ [m − 1]) can be replaced by smaller ones so to achieve the condition
Then we have the composition maps ϕ (4)(i), we can define the required homotopy
By (1)(i) the homotopy ϕ is well-defined and the required conditions (1), (2) for ϕ follow from the corresponding properties (1), (2) of the homotopies
It remains to verify the assertions (3) and (4).
In the case (a) with
In the case where
In the case where k = m; Since π(x) ∈ F m ⊂ C m ⊂ U m , it follows that x ∈ π −1 (C m ) and there exists V ′ ∈ S(U m ) with x ∈ V ′ . Since x ∈ V ′ ∩ X, we have V ′ ∈ V m and x ∈ V ′ ⊂ V m . This implies
The statements (4)(i) and (4)(iii) are verified similarly. This completes the proof.
Groups of uniform homeomorphisms of metric spaces with bi-Lipschitz Euclidean ends
In this section we study some global deformation properties of groups of uniform homeomorphisms of manifolds with bi-Lipschitz Euclidean ends. The Euclidean space R n admits the canonical Riemannian covering projection π : R n → R n /Z n onto the flat torus. Therefore we can apply the Local Deformation theorem Theorem 1.1 to uniform embeddings in R n . Proposition 4.1. For any closed subset X of R n and any uniform neighborhoods
The relevant feature of Euclidean space R n in this context is the existence of similarity transfor-
This enables us to deduce, from the local one, a global deformation in groups of uniform homeomorphisms on R n and more generally, manifolds with bi-Lipschitz Euclidean ends.
Euclidean ends case.
Recall our conventions: For r ∈ R we set R n r = R n − O(r), where O(r) = {x ∈ R n | x < r}. For s > r > 0 and ε > 0, let E u (ι s , ε; R n s , R n r ) denote the open ε-neighborhood of the inclusion map ι s,r : R n s ⊂ R n r ⊂ R n in the space E u (R n s , R n r ) u . We can apply Proposition 4.1 to (X, W ′ , W ) = (R n v , R n u , R n s ) and replace W by a smaller one to obtain the following conclusion.
Lemma 4.1. For any 0 ≤ r < s < u < v and ε > 0 there exist δ > 0 and a homotopy
Now we apply a similarity transformation k γ for a sufficiently large γ > 0 to Lemma 4.1. 
Proof. We apply Lemma 4.1 to 0 < 1 < 2α < 2β and ε = 1. This yields δ ∈ (0, c/s 0 ) and a homotopy
as in Lemma 4.1. Let s := c/δ. Then s > s 0 and we have the homeomorphism
Since η(ι 1 ) = ι s and d(η(f ), η(g)) = s d(f, g), for each c > 0 we have the restriction
Then the homotopy ψ is defined by
c . The conditions (1), (2) on ψ follow from the corresponding properties of ϕ. By (1)(iii) Im ψ t (h) = Im h for each h ∈ E u (ι s , c; R n s , R n ), which implies (3).
Bi-Lipschitz Euclidean ends case.
Suppose (X, d) is a metric space and L is a bi-Lipschitz n-dimensional Euclidean end of X. This means that L is a closed subset of X which admits a bi-Lipschitz homeomorphism θ : 
Let c ≡ λκ > 0. Applying Lemma 4.2 to c, r and α = 2, β = 3, we obtain s > r and a homotopy
Consider the homeomorphism
Since θ is κ-bi-Lipschitz, it is seen that Θ s is also κ-bi-Lipschitz with respect to the sup-metrics.
Since Θ s (ι L s ) = ι s , the maps Θ s and Θ −1 s restrict to
Hence we obtain the homotopy
From (2), (3) it follows that
. Since s > r, by (1) we have the restriction map
Let µ = κc. Due to (4)(iii), the required homotopy is defined by
Lemma 4.4. For any λ > 0 and r > r 0 ≥ 1 there exist λ ′ > 0 and a homotopy χ :
Proof. Let s, µ > 0 and ϕ be as in Lemma 4.3 with respect to λ and s 0 = r. Using the product structure of L, we can find an isotopy ξ :
Thus, we obtain the homotopy
) and that Im χ ⊂ H u (X; λ ′ ). The required conditions on χ follow from the properties of ϕ and ξ.
Lemma 4.5. For any r ∈ (1, 2) there exists a homotopy ψ :
(v) for any λ > 0 there exists µ > 0 such that ψ t (H u (X; λ)) ⊂ H u (X; µ) (t ∈ [0, 1]).
Proof. For λ ≥ 0 let H u (X; ≥ λ) = {h ∈ H u (X) b | d(h, id X ) ≥ λ}. Take any sequence r = r 1 < r 2 < · · · < 2. By repeated applications of Lemma 4.4 we can find λ i > 0 (i ∈ N) and homotopies We modify χ i to obtain the homotopy
Then, η i has the following properties: (ii) (η i ) t (H u (X; λ i + 1)) ⊂ H u (X; λ i+1 ) (t ∈ [0, 1]). 
